Abstract. It is shown that every Valdivia compact group is homeomorphic to a product of metrizable compacta.
Introduction

A compact space is called Valdivia compact if it can be embedded into R
A for some A in such a way that the image of this embedding is the closure of a subset of a Σ-product. These spaces have been studied by several authors (see [6] , [7] for a nice survey of Valdivia compacta and related topics). A particular area of interest is understanding of the structure of Valdivia compact groups. There are compact connected Abelian groups which are not Valdivia compact [9] . On the other hand it was shown recently [8] that every Valdivia compact Abelian group is homeomorphic to a product of metrizable compacta. We extend this result to the noncommutative case (Theorem 3.3). This answers negatively question from [8] whether there exist Valdivia compact groups which are not products.
Our original proof was based on a recently announced result on preservation of the class of Valdivia compacta by retractions. I would like to thank the referee for pointing out that the proof of this statement contained an error and that the validity of the result itself is still open. The proof of Theorem 3.3 has been revised and as presented below does not depend on the above mentioned statement.
Preliminaries
For the reader's convenience in this section we present some of the needed results.
2.1. Directed sets. Let κ ≥ ω. A subset B of a partially ordered directed set A is said to be κ-closed in A if for each chain C⊆B, with |C| ≤ κ, we have sup C ∈ B whenever the element sup C exists in A (sup C denotes the lowest upper bound of elements of C). A set A is said to be κ-complete if for each chain B of elements of A, with |B| ≤ κ, there exists an element supB in A. A standard example of a κ-complete set is the set exp κ A of all subsets of cardinality ≤ κ of any set A.
The following statement presents an important property of κ-complete sets ([2, Proposition 1.1.27]). Proposition 2.1. Let {A i : i ∈ I}, |I| ≤ κ, be a collection of κ-closed and cofinal subsets of a κ-complete set A. Then the intersection ∩{A i : i ∈ I} is also cofinal and κ-closed in A.
2.2. Inverse Spectra. All limit projections of inverse spectra considered below are surjective and all spaces are compact. Let κ ≥ ω. An inverse spectrum S X = {X α , p β α , A} consisting of compact spaces is a κ-spectrum if:
(ii) The indexing set A is κ-complete; (iii) S X is κ-continuous, i.e. for each chain {α i : i ∈ I} ⊆ A with |I| ≤ κ and α = sup{α i : i ∈ I}, the diagonal product △{p 
Below we consider the Σ-product of real lines, which is the subspace
, B ⊆ A, play an important role below. We refer the reader to [5] for relevant definitions and results. For a given closed subset F ⊆ Σ(A) we are interested in finding subsets B ⊆ A such that r B (F ) ⊆ 
Proof of the Main Result
In this section we prove our main result -Theorem 3.3. First we need the following statement. 
The unit element in X B is defined as follows: e B = p B (e), where e is the unit in X. It is easy to see that the projection p B : X → X B becomes a group homomorphism. Indeed, for x, y ∈ X we have
Lemma 3.2. Let X be a topological group which is a retract of a Valdivia compact. Then there exists a well-ordered continuous spectrum S
(1) τ = w(X); (2) w(X α ) ≤ |ω| · |α|, α < τ ; (3) X α is a topological group and a retract of a Valdivia compact, α < τ ; (4) The limit projection p α : X → X α is a topological homomorphism and a retraction, α < τ .
Proof. Let Y be a Valdivia compact of suitably embedded into R A with |A| = τ > ω. Suppose also that s : Y → X is a retraction and X is a topological group. Without loss of generality we may assume that w(X) = τ .
Let ω ≤ κ < τ . By Lemma 2.3(a), the collection S , is a retraction. Indeed, let x B ∈ X B and x ∈ X is such that p B (x) = x B . Then we have
maps s, s B and q B are retractions, it follows that p B is also a retraction. By Lemma 3.1, we may assume without loss of generality that there exists a κ-closed and cofinal subset A κ of A κ s ∩ A G κ such that for each B ∈ A κ compactum X B is a topological group and the projection p B : X → X B is a topological homomorphism.
Thus, for any κ with ω ≤ κ < τ we have a κ-closed and cofinal subset A κ of exp κ A such that the following conditions are satisfied for each B ∈ A κ :
Let us now define subsets A α , α < τ , of A. Fix a well-ordering {B α : α < τ } of the set A κ , let A 0 = B 0 , s 0 = s A 0 and assume that the sets A β and retractions s β : Y A β → X A β have been constructed for each β < α, where α < τ , in such a way that the following conditions are satisfied:
is a retraction and a topological homomorphism
If α is a limit ordinal, then let A α = ∪{A β : β < α}. Note that for each γ, β with γ < β < α the following diagram
Aγ , α} and Y Aα = lim{Y A β , q A β Aγ , α}. Consequently, collection {s β : β < α} defines a map s α : Y Aα → X Aα such that p A β s α = s β q A β for each β < α. Since s β is a retraction, for any x ∈ X Aα we have By conditions (f) β and (g) β , it follows that for β < α, X Aα = lim{X A β , p
Aγ , α} is also a topological group with naturally defined group operations and the projection p Aα : X → X Aα is a topological homomorphism.
Next consider the case α = β + 1. Since, by condition (a) β , |A β | ≤ |ω| · |β| and since A κ (with κ = |ω| · |β|) is cofinal in exp κ A, there exists A α ∈ A κ such that A α ⊇ A β ∪ B α . Then there exists a retraction s α : Y Aα → X Aα such that p Aα s = s α q Aα , p Aα : X → X Aα is a retraction, X Aα is a topological group and p Aα is a topological homomorphism.
This completes the construction. Let X α = X Aα and p α = p Aα for each α < τ . It only remains to note that X = lim{X α , p α+1 α , τ } and that all the required conditions (1)- (4) Proof. Implications (1)=⇒ (2) and (3) =⇒ (1) are trivial. Let us prove imlication (2)=⇒ (3). We proceed by induction. For metrizable groups which are retracts of Valdivia compacta there is nothing to prove. Let X denote a topological group which is a retract of a Validivia compact. Suppose that the statement is true in cases when w(X) < τ , τ > ω, and consider X of weight w(X) = τ . Let S X = {X α , p α+1 α , ω 0 ≤ α < τ } be a spectrum supplied by Lemma 3.2. Note that by property (4) in Lemma 3.2 each limit projection p α : X → X α is a retraction and a group homomorphism. This implies that each short projection p α+1 α : X α+1 → X α is a group homomorphism (and obviously a retraction). Consequently, X α+1 is homeomorphic to the product X α × ker(p 
